Abstract -Currents of particles or energy in driven non-equilibrium steady states are known to satisfy certain symmetries, referred to as fluctuation relations, determining the ratio of the probabilities of positive fluctuations to negative ones. A generalization of these fluctuation relations has been proposed recently for extended non-equilibrium systems of dimension greater than one, assuming, crucially, that they are isotropic [P. I. Hurtado, C. Pérez-Espigares, J. J. del Pozo, and P. L. Garrido, Proc. Nat. Acad. Sci. (USA) 108, 7704 (2011)]. Here we relax this assumption and derive a fluctuation relation for d-dimensional systems having anisotropic bulk driving rates. We test the validity of this anisotropic fluctuation relation by calculating the particle current fluctuations in the 2-d anisotropic zero-range process, using both exact and fluctuating hydrodynamic approaches.
Introduction. -Fluctuations play an important role at small and mesoscopic scales, for example in nano-devices, chemical reactions, and molecular motors [1] [2] [3] [4] . Depending on the properties of the medium and applied forces considered (e.g., the shape of a trapping potential or the spatial distribution of a reactant), such fluctuations may be isotropic or anisotropic and often show certain symmetry properties, such as the Gallavotti-Cohen fluctuation relation (GCFR), which has been the subject of considerable theoretical and experimental study [5] [6] [7] [8] [9] . The GCFR applies to scalar observables of driven non-equilibrium systems and implies the following relation between positive and negative fluctuations integrated over a time t:
tion of the GCFR, called the isometric fluctuation relation (IFR), in an effort to uncover new fluctuation symmetries for higher-dimensional systems. Instead of considering positive and negative fluctuations of scalar observables, their IFR focuses on the global current vector J of d-dimensional non-equilibrium systems and implies that any two currents J and J of equal magnitude, |J | = |J |, obey the following relation:
where L d is the volume of the system and E is a d-11 dimensional current-independent field conjugate to J . This 12 relation can be derived from the hydrodynamic fluctuation 13 theory and has been shown to hold so far for a number of 14 important non-equilibrium models, including the boundary-15 driven 2-d Kipnis-Marchioro-Presutti (KMP) process and 16 a hard-disk fluid model [17] .
17
Crucially, both the derivation and the application of 18 the IFR rely on the systems of interest being isotropic. 19 Our goal here is to remove this assumption so as to de-20 rive a fluctuation relation similar to (2) but which applies 21 to more general systems having anisotropic diffusive dy- 22 namics. As a test of this anisotropic fluctuation relation 23 (AFR), we consider the 2-d zero-range process on a square 24 lattice with different hopping rates in x-and y-directions. 25 We obtain the current fluctuations in this model from the 26 Hydrodynamic formalism and IFR. -We study diffusive lattice gases evolving on a d-dimensional (hypercubic) lattice of side L. In the macroscopic scaling limit, these systems are described, following the hydrodynamic fluctuation theory [18] [19] [20] [21] , by a local particle density ρ(r, t), with r ∈ Ω = [0, 1] d , and a local current
Density boundary conditions account physically for the interaction with reservoirs while mass conservation imposes the continuity equation
The local current j(r, t) is composed of two parts: a de-
34
terministic drift with a density-dependent diffusivity D(ρ), This noise is assumed to be a space-time white noise with 
43
The non-equilibrium state of the model is characterized by the global current averaged over time t,
For some choices of boundary conditions and matrices D and σ, J converges in the long-time limit, tL d → ∞, to a typical value, corresponding to the hydrodynamic current. Here we are interested in fluctuations of J about this limit and in any symmetries satisfied by its pdf P (J , t). In most cases, this pdf has an exponential form in t and L d ,
which is referred to as a large deviation principle [22] .
44
The rate functionê(J ) characterizes the speed at which 45 P (J , t) converges to its typical value, and so quantifies the 46 asymptotic probability of rare current fluctuations. 
58
Following this picture, the IFR of (2) can be derived, as 59 in [17] , under the following assumptions: (i ) isotropic diffu-60 sivity and mobility (i.e., D(ρ) and σ(ρ) proportional to the 61 identity matrix), (ii ) time-reversible dynamics with local 62 detailed balance, (iii ) time-independent optimal profiles for 63 both current and density, and (iv ) space independent opti-64 mal current profiles (i.e., homogeneous local current). This 65 last assumption can be omitted, in fact, but the resulting 66 generalised IFR is for local rotations of divergenceless cur-67 rent profiles and does not have the same simple structure 68 as (2) .
69
Underlying the IFR is the remarkable property that the 70 optimal density profile is the same for all currents J on a 71 circle of given radius around the origin. Our contribution 72 is to look for a similar relation to (2) but, significantly, 73 without assuming the isotropic condition (i ).
74
Anisotropic fluctuation relation.
-We now aim to determine which currents can be related via a fluctuation relation of the same type as (2) . We assume that the diffusive system has open boundary conditions in the x-direction, without loss of generality, and periodic boundary conditions in the other (d − 1) directions. From the macroscopic fluctuation theory outlined above, the rate function of J is obtained from the following optimization problem [18] [19] [20] [21] :
involving the Lagrangian
(8) Here Σ is the diagonal matrix with elements
is the mobility in the kth direction 76 and Λ is a diagonal matrix independent of the density. 77 Similarly, the diffusivity D(ρ) is a diagonal matrix with 78
. This factorised form of diffusivity 79 and mobility matrices encompasses a large class of phys-80 ical systems where an interaction process takes place at 81 different rates in different directions. The local density 82 and current solving the minimization (7) with the continu-83 ity equation (4) and boundary conditions are the optimal 84 profiles mentioned above.
85
The constrained optimization (7) is very difficult to solve in general. However, following [17] , it can be simplified under hypothesis (iii ) and (iv ) above to obtain
Furthermore, assumption (ii ) for diffusive gases means
p-2 Fluctuation relations for anisotropic systems which for the minimization of (9) implies
and we observe that, significantly, the solutions depend only on J T ΣJ . Defining the constant field
and taking the difference of rate functions corresponding to the left hand side of (2), we then obtain the fluctuation relationê
for global currents satisfying
The two equations above define our anisotropic generaliza- by the anisotropy, as encoded in the matrix Λ.
95
Zero-range process.
-We now present a test of the AFR (13) for an anisotropic zero-range process (ZRP) on an L × L square lattice. The ZRP is a paradigmatic nonequilibrium model where the on-site interaction of particles can be tuned to model different physical scenarios. Specifically, each site may be occupied by any number of particles, the top-most of which jumps randomly to a neighbouring site after an exponentially-distributed waiting time. Figure 1 shows the transition rates: they are determined by an interaction factor w n , which depends only on the number n of particles on the departure site, multiplied by hopping rates for the different jump directions and boundaries. Here we choose symmetric hopping rates, p x = q x and p y = q y , which implies that the system scales as a diffusive process in the hydrodynamic limit (L → ∞). We also take boundary rates in the x-direction corresponding to reservoir densities ρ L and ρ R , with ρ L > ρ R , to induce a rightwards mean current. A feature of this model is that, depending on the choice of the term w n , the system may show a condensation phase transition where particles accumulate on one or more sites [23] . Indeed, even with a well-defined steady state, a bounded w n such that ZRP-Hydrodynamic limit. -The mobility and diffusion coefficients of the ZRP in each direction are [18, 25, 26] . Here z(ρ) is a fugacity parameter connected to the density by
where Z plays the role of a grand canonical partition function. The form of Z depends on w n ; for example, choosing w n = w, we have
and
In this case, we can explicitly minimise Eq. (9) to find the optimal density profile as a solution of the associated Euler-Lagrange equation
where we have used the notation ρ (n)
Following the established procedure in [27] we argue that the optimal density profile has no structure in the y-direction due to periodic boundary conditions. This allows us to equate the terms 2D
2 . Integrating (19), we then find that the optimal density profile is given by the first-order differential equation
where C is a constant of integration. Thus, we can explic-99 itly find the optimal density profile and the current rate 100 p-3 shown for the interacting case w n = 1 in Fig. 2 with hop-105 ping rates p x = 1 and p y = 1/2. Moreover, the optimal 106 density profile associated with currents on each ellipse is 107 invariant, a non-trivial result which follows again from (11).
108
The specific shape of the optimal density profile depends ZRP-microscopic approach. -Remarkably, it is possible to obtain exact results for the fluctuations of the current J in the ZRP for any lattice size and any interaction w n , providing a precise test of the AFR and the validity of the assumptions behind it. These results follow by calculating the so-called scaled cumulant generating 
where · denotes the expectation value. Note that the 123 SCGF is here defined for systems of finite L; the corre-124 sponding hydrodynamic quantity with L → ∞ is denoted 125 by e(λ).
126
The finite-L SCGF can be explicitly calculated by writing the Master equation analogously to a quantum Schrödinger equation [29] and extracting e L (λ) as the lowest eigenvalue of some modified Hamiltonian. The optimal density profile is then obtained from the corresponding eigenvector. As a higher dimensional generalization of the analysis in [24], we argue that for our system this eigenvector has a product form and, in practice, the calculation then involves solving an L × L system of linear equations for modified fugacities as a function of λ. From e L (λ), we can verify the AFR either by obtaining the finite-L rate functionê L (J ) as the Legendre transform of e L (λ) or by noticing that Eq. (13) translates into the symmetry,
where the vectors λ and λ satisfy
Geometrically, this means that e(λ) is constant for vectors 127 λ located on ellipses around the field E. These ellipses 128 are related by Legendre transform to those seen for the 129 current in Fig. 2 .
130
Note that the modified fugacities involved in the micro-131 scopic solution have no explicit dependence on w n facil-132 itating the solution for any form of realistic interaction. However, w n does control the relation between fugacity and are discussed in more detail below.
152
Using the microscopic solution of the model, we can also 153 examine the underlying structure of the optimal density 154 profiles. In Fig. 3 , we compare the resulting optimal density of density the differences seen in the rate function.
162
To study these differences in more detail, we show in sured from the ellipse principal axis in the field direction).
167
For illustrative purposes we choose now the non-interacting case w n = n but we have checked that the behaviour is the 169 same for w n = 1 in the absence of condensation. As for the 170 rate function and density profiles, we see that the value of 171 the SCGF, obtained from the microscopic solution of the 172 ZRP, matches the constant hydrodynamic prediction of 173 Eq. (22) for angles close to 0 and π and for small current 174 values, which correspond to larger values of the SCGF. 175 However, for large currents and angles close to π/2 the 176 two approaches differ, which means that the AFR is not 177 exactly satisfied in this regime.
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For the original IFR, similar discrepancies at the level of 179 the SCGF were seen in simulations of the KMP-process for 180 system size L = 32 [17] and were interpreted as a finite-size 181 effect. For the ZRP, this cannot be the case: as shown in 182 Fig. 5 , the dominant eigenvalue e L (λ) of the L × L linear 183 system that we solve converges quickly in the limit L → ∞. 184 In fact, for L = 100, the dominant eigenvalue is already 185 very close to its converging value. This is shown in Fig. 5 186 for one particular value of λ; however, we have checked 187 that all values reported in Fig. 4 converge in the same 188 way, which means that the data reported in that figure 189 for L = 10 5 are a clear indication that the AFR holds, as 190 stated before, in the regime of small currents, as well as 191 along and opposite the field E, but only approximately for 192 large currents perpendicular to E. 
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In the wider framework of non-equilibrium statistical 234 mechanics, we note that the IFR itself has important con- 
